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1. Motivation
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How it started…

3

See Schwartz und Giulini, Post-Newtonian Hamiltonian description of an atom (2019)

Theory colleagues working on general relativity (GR) 
developed this: 

We wanted to apply this novel GR-Hamiltonian to atom 
interferometers (AIFs)!



 Stanford Seminar — Michael Werner — 31.01.2025 4

Minkowski space
<latexit sha1_base64="jHFcSnDaUXNyFTHuRaH3UnuDlp4="></latexit>

gµω = ωµω =




→1 0

0



 <latexit sha1_base64="/68OnIzeX0AUVBuhDkjgzKebMgk="></latexit>

gµω =




→1→ 2 ε

c2 0

0





Newtonian spacetime

<latexit sha1_base64="/c5xD+TVRmcXmaUCZ4GQy91p87k=">AAAF7nicrVRZb9NAEJ4EAm25WnhESCsqqiLRyM7RlodKVTlfkArqJdVttHY3jhXbMbZTmlr+GzyBeOUv8V944NuJ0zb0EhK2dmd2jm9mdmfXjnwvSQ3jV6l842bl1u2Jyak7d+/dfzA983Ar6fVjR206Pb8X79gyUb4Xqs3US321E8VKBravtu3uK63fPlRx4vXCjXQQqb1AuqHX9hyZQtSa/ua2MivoCyvs52JFWLZyvTCLAp </latexit>

gµω =




→1→ 2 ε

c2 → 2ω ε2

c4 0

0
(
1→ 2ε ε

c2

)





(Parametrized) Post-Newtonian (PPN) spacetime

<latexit sha1_base64="jlCoNlHaljPValEI2KXQN1OJxmM="></latexit>

ω = Gravitational potential

in GR:
<latexit sha1_base64="fOPb0p3oJ4Uq8iehfwbpe8ukKPs="></latexit>

ω = ε = 1

PPN parameters

How it started…



 Stanford Seminar — Michael Werner — 31.01.2025 5

How it started…

Center of mass 
(COM)

Internal dynamics

Atom-Light-
Interaction

Light field
Treat light fields classical  
—> Maxwell’s equations

Look @ elastic scattering processes (first) 
—> Populate the excited state only virtually.
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Motivation

6

• Special relativistic effects 
have been included for 
multiple AIF geometries. 

• How does gravity enter into 
this description? 

• Which GR effects are the 
most relevant? 

• How can we calculate those 
phase shifts accurately and 
swiftly? 
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Idealized gravitational potential

<latexit sha1_base64="uoDN6Z/h1zwSS23FqJCxAUD4ABA="></latexit>

ω(R→ + z) = ω0 + gz →
1

2
!0z

2 +
1

3
”0z

3 +O(z4)

<latexit sha1_base64="0JiFDOtUpGzxlBu/FhyAfz/D2is="></latexit>

ω0 = →GM→
R→

Constant  
offset

<latexit sha1_base64="kCTRuq0aut35BFsLRlorHgJAPHU="></latexit>

!0 =
GM→
R3

→

Gravity  
gradient

<latexit sha1_base64="g4fnue+kw907tMUNAJHUshWB+dQ="></latexit>

g =
GM→
R2

→

Linear  
gravitational  
acceleration

<latexit sha1_base64="ePzz3GWPlOAQvT9q2u4juKl7jfI="></latexit>

!0 =
GM→
R4

→

Second  
gravity  

gradient

We expand the gravitational potential in a Taylor series: 
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COM Hamiltonian: Propagation Phase

<latexit sha1_base64="PwLKaNvUupkkHgnTncxujFedkPc="></latexit>

L(z, ż) = →mc2 +
mż2

2
→mω(z) +

1

mc2

[
m2ż4

8
→

2ε → 1

2
m2ω(z)2 →

2ϑ + 1

2
mω(z)ż2

]
+O(c→4)

We follow a semiclassical approach with 

The phase of an atom then evolves freely as

<latexit sha1_base64="xqyoP0QTMVc8mg5MexqMefM2cek="></latexit>

d

dt

ωL

ωż
→ ωL

ωz
= 0

where the atomic trajectory solves the Euler-
Lagrange equation

<latexit sha1_base64="pMlqtajl8AAU9kZMkfKZpnAs72U="></latexit>

!”A→B =
1

⊋

tb∫

ta

dt L(zA→B(t), żA→B(t)) <latexit sha1_base64="2hiee025GIaK7cy3SW259aahA5I="></latexit>

A = (ta, za)

<latexit sha1_base64="byryXGvrrnJZhhI4l7YeZzWr+50="></latexit>

B = (tb, zb)

<latexit sha1_base64="3zdj+35dNY2SaYA5Plz5mJWqQPo="></latexit>

zA→B(t)

Bound.  
conditions
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⊋ωR

⊋ωeg

Figure 1.4: Schematic depiction of Bragg diffraction using an effective two-level atom with
states |g→, |e→ and two counter propagating light fields with frequencies ωa (red) and ωb (blue),
namely a DF field ÊDF. The resonant two photon transition (thick red and blue arrows)
results in an effective momentum transfer of ⊋k = ⊋(ka + kb), where ωR =

⊋k2

2m = ωa ↑ ωb
denotes the corresponding recoil frequency. The dashed lines correspond to off resonant
transitions. Both laser frequencies ωa, ωb are detuned by ∆ to |e→, such that there is no
coupling to the excited state.

where |P→ denotes a momentum eigenstate of the COM motion. One can therefore see
how it is possible to construct a resonant two-photon process inducing a momentum kick
of ⊋k = ⊋(ka + kb), as depicted in Fig. 1.4. In a nutshell, the atom absorbs a photon
with frequency ωa gaining momentum ⊋ka in the process and directly emits a photon with
frequency ωb in the other light field, losing a momentum of ↑⊋kb, therefore gaining a total
amount of ⊋(ka + kb). Note that we have depicted the transition process in Fig. 1.4 for the
case of an atom initially at rest, i.e., initialised in the momentum state |0→. For moving atoms,
the Doppler effect needs to be taken care of, one can, however, always transform into the
atomic rest frame and interpret the laser frequencies accordingly.

The quantity distinguishing between a beam splitter and a mirror operation is given by
the effective Rabi frequency Ωeff(t), which is defined as

Ωeff(t) = 2
∣∣∣∣∣∣
Ωa(t)Ωb(t)↓

∆

∣∣∣∣∣∣, (1.55)

where we neglected the Doppler and AC-Stark effect. Choosing the amplitudes of the light
fields and pulse length εt such that the pulse area ϑ, defined as the time integral over the
effective Rabi frequency, evaluates to be multiples of ϖ/2 or ϖ distinguishes a beam splitter
from a mirror, i.e., more formally

ϑ =

εt∫

0

dtΩeff(t) =



ϖ
2 + nϖ, Beam splitter
nϖ, Mirror

for n ↔ N. (1.56)

Equivalently one can describe the interaction process as a unitary scattering matrix, written

<latexit sha1_base64="phNJnLvDzq6AmfyQgawkWEC4EOI="></latexit>

|kR→

9

Atom-Light Hamiltonian: Bragg scattering

<latexit sha1_base64="0qMusCLSD7rC5huvOpSBphwNX7E="></latexit>ωb
<latexit sha1_base64="+gqbwr/2rVmIhuhLnlnvOpj96uY="></latexit>ωa

<latexit sha1_base64="EVgroMzAZdSlF1zS8vU3oKXaiuc="></latexit>

kR = ka + kb

Effective recoil 
momentum

<latexit sha1_base64="gWVxXSqgJaEIuYaIjDCwrMDDEPo="></latexit>ωR = ωa → ωb

Effective recoil 
frequency
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CHAPTER 3. ATOM INTERFEROMETERS IN CURVED SPACETIMES 81

Eq. (3.24), combined with the assumption ω(t, r) = ω(z), which yields

Γ0
z0 = Γ

0
0z =

(
1 + 2(ε → 1)

ω

c2

)
ω,z

c2 + O(c→6), (3.42a)

Γz
00 =

(
1 + 2(ε + ϑ)

ω

c2 → 2(ϑ + 1)
ω0

c2

)
ω,z

c2 + O(c→6), (3.42b)

Γz
xx = Γ

z
yy = ϑ

ω,z

c2 + O(c→4), (3.42c)

Γz
zz = Γ

x
xz = Γ

x
zx = Γ

y
yz = Γ

y
zy = →ϑ

ω,z

c2 + O(c→4). (3.42d)

From those Christoffel symbols one can calculate the non-vanishing components of the Ricci
tensor using

Rµϖ = ϱςΓ
ς
µϖ → ϱµΓςϖς + ΓφφςΓςµϖ → ΓφµςΓςφϖ = ϱςΓςµϖ → ϱµΓςϖς + O(c→4), (3.43)

which gives rise to the only components of the Ricci curvature at order O(c→2) of

R00 = ϱzΓ
z
00 =

ϱ2
zω(z)

c2 , Rxx = ϱzΓ
z
xx = ϑ

ϱ2
zω(z)

c2 , (3.44a)

Ryy = ϱzΓ
z
yy = ϑ

ϱ2
zω(z)

c2 , Rzz = →2ϱzΓ
z
zz → ϱzΓ

0
z0 = (2ϑ → 1)

ϱ2
zω(z)

c2 . (3.44b)

The Ricci curvature therefore only contributes at the orderO(Γ c→2), which we have previously
neglected. The curvature contribution in Eq. (3.41) is therefore beyond our approximation
level and will be omitted.

For the upcoming calculations it will turn out beneficial to rewrite Maxwell’s equations
with respect to a covariant EM potential, such that we rather work with

F ;ε
↼ε = ↑

εF↼ε = ↑ε
(
↑↼Aε → ↑εA↼

)
= 0, (3.45)

where we now need to imply a gauge condition. Three different choices arise canonically
at this stage, due to the (3 + 1)-split of the metric, namely the fully relativistic Lorenz
Gauge (LG) and two additional versions of the Coulomb gauge, i.e., the Geometric Coulomb
Gauge (GCG) and Background Coulomb Gauge (BCG), formulated as

LG: ↑εAε = Aε;ε = A ;ε
ε = 0, (3.46a)

GCG: ↑iAi = A ;i
i = 0, (3.46b)

BCG: ϱiAi = A ,ii = 0. (3.46c)

The BCG refers to the "usual" Coulomb gauge, commonly employed in quantum optics.

3.5.1 Wave Equations in the Geometric Coulomb Gauge:

The gauge condition, when incorporating the expanded covariant derivative, is expressed as

0 = ↑iAi = giς↑ςAi = ϱ
iAi → giςΓφςiAφ, (3.47)

to allow for Maxwell’s equations to be expanded in a manner that directly contains this term.
Starting with Maxwell’s equations from Eq. (3.45) we begin to expand all differential terms.
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LG: ↑εAε = Aε;ε = A ;ε
ε = 0, (3.46a)

GCG: ↑iAi = A ;i
i = 0, (3.46b)

BCG: ϱiAi = A ,ii = 0. (3.46c)

The BCG refers to the "usual" Coulomb gauge, commonly employed in quantum optics.

3.5.1 Wave Equations in the Geometric Coulomb Gauge:

The gauge condition, when incorporating the expanded covariant derivative, is expressed as

0 = ↑iAi = giς↑ςAi = ϱ
iAi → giςΓφςiAφ, (3.47)

to allow for Maxwell’s equations to be expanded in a manner that directly contains this term.
Starting with Maxwell’s equations from Eq. (3.45) we begin to expand all differential terms.

Light Hamiltonian: Maxwell’s equations

Three different choices for gauges:

We analyse Maxwell’s equations in vacuum:

Lorenz gauge

Geometric Coulomb gauge

Background Coulomb gauge
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We then colour-code the terms that appear in the gauge condition specified in Eq. (3.47) in
order to derive

0 = F ;µ
ωµ = A ;µ

µ ;ω → A ;µ
ω;µ

= gµεϑεϑµAω → ϑωϑµAµ → gµεΓϖεµ
(
ϑϖAω + ϑωAϖ

) → gµεΓϖεω
(
ϑµAϖ → ϑϖAµ

)

= gµεϑεϑµAω → ϑωϑ0A0→ϑωϑiAi → gµεΓϖεµϑϖAω + ϑωg
0εΓϖε0Aϖ + ϑωg

iεΓϖεiAϖ
→
(
ϑωg
µε
)
ΓϖεµAϖ → gµε

(
ϑωΓ
ϖ
εµ

)
Aϖ → gµεΓϖεωϑµAϖ + gµεΓϖεωϑϖAµ

= gµε
(
ϑεϑµAω → ΓϖεµϑϖAω →

(
ϑωΓ
ϖ
εµ

)
Aϖ → ΓϖεωϑµAϖ + ΓϖεωϑϖAµ

)

→ ϑω
(
ϑ0A0 → g0εΓϖε0Aϖ

)
→
(
ϑωg
µε
)
ΓϖεµAϖ→ϑω

(
ϑiAi → giεΓϖεiAϖ

)

= g00
(
ϑ2

0Aω → Γϖ00ϑϖAω →
(
ϑωΓ
ϖ

00
)
Aϖ → Γϖ0ωϑ0Aϖ + Γ

ϖ
0ωϑϖA0

)

→ ϑω
(
ϑ0A0 → g00Γϖ00Aϖ

)
→
(
ϑωg

00
)
Γϖ00Aϖ →

(
ϑωg

i j
)
Γϖi jAϖ

+ gi j
(
ϑiϑ jAω → Γϖi jϑϖAω →

(
ϑωΓ
ϖ

i j

)
Aϖ → Γϖ jωϑiAϖ + Γ

ϖ
jωϑϖAi

)
. (3.48)

Note that the only non-zero Christoffel symbol Γϖ00 is Γz
00 (as referenced in Eq. (3.42)).

Using this, we proceed to calculate the last remaining non-trivial term in Eq. (3.48) that
requires the application of the Leibniz rule, namely

ϑωg
00Γz

00Az =
(
ϑωg

00
)
Γz

00Az + g00
(
ϑωΓ

z
00

)
Az + g00Γz

00

(
ϑωAz

)
.

Using this identity, one obtains

0 = g00
(
ϑ2

0Aω → Γz
00ϑzAω →

(
ϑωΓ

z
00

)
Az → Γϖ0ωϑ0Aϖ + Γ

ϖ
0ωϑϖA0

)

→ g00
(
ϑωϑ0A0 →

(
ϑωΓ

z
00

)
Az → Γz

00

(
ϑωAz

))
→
(
ϑωg

i j
)
Γϖi jAϖ

+ gi j
(
ϑiϑ jAω → Γϖi jϑϖAω →

(
ϑωΓ
ϖ

i j

)
Aϖ → Γϖ jωϑiAϖ + Γ

ϖ
jωϑϖAi

)

= g00
(
ϑ2

0Aω → Γz
00ϑzAω → Γϖ0ωϑ0Aϖ + Γ

ϖ
0ωϑϖA0 → ϑωϑ0A0 + Γ

z
00

(
ϑωAz

))

+ gi j
(
ϑiϑ jAω → Γϖi jϑϖAω →

(
ϑωΓ
ϖ

i j

)
Aϖ + Γ

ϖ
jω
(
ϑϖAi → ϑiAϖ

)) →
(
ϑωg

i j
)
Γϖi jAϖ.

Inserting the explicit formulas for the metric tensor components from Eq. (3.21), we see that

0 =
(
→1 + 2

ϱ

c2

)[
ϑ2

0Aω → Γz
00ϑzAω + Γ

ϖ
0ω
(
ϑϖA0 → ϑ0Aϖ

) →
(
ϑωϑ0A0 → Γz

00

(
ϑωAz

))]

+

(
ςi j + 2φ

ϱ

c2 ς
i j
)(
ϑiϑ jAω → Γϖi jϑϖAω →

(
ϑωΓ
ϖ

i j

)
Aϖ → Γϖ jωϑiAϖ + Γ

ϖ
jωϑϖAi

)

→ 2φ


ϑωϱ

c2


 ςi jΓϖi jAϖ + O(c→4).

If we denote the flat Laplace operator by ∆flat = ς
i jϑiϑ j = ϑ

2
x +ϑ

2
y +ϑ

2
z , we find the relativistic

corrections to the flat wave equation to be

∆flatAω =
(
1 → 2(φ + 1)

ϱ

c2

)(
ϑ2

0Aω + Γ
z
00

(
ϑωAz → ϑzAω

)
→ Γϖ0ωϑ0Aϖ + Γ

ϖ
0ωϑϖA0 → ϑωϑ0A0

)

+

3∑

i=1

(
ΓϖiiϑϖAω +

(
ϑωΓ
ϖ

ii
)
Aϖ + Γ

ϖ
iωϑiAϖ → ΓϖiωϑϖAi

)
+ O(c→4). (3.49)

In this context, considering relativistic corrections, one typically extends the flat wave
equation, which involves the flat Laplace operator, by incorporating terms that arise due to

Maxwell’s equations: Geometric Coulomb gauge

Writing them out and using the gauge condition:
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<latexit sha1_base64="MBo5m/YMZ2VsuQaM6rzIDc0iF8g="></latexit>

Aµ =
(
aµ + ωbµ + ω2cµ +O(ω3)

)
ei!/ω

<latexit sha1_base64="km6f8qKvndP+QqKnPBtVmTJh1lw="></latexit>

aµ, bµ, cµ : M →↑ C <latexit sha1_base64="vZJwSBKHv+GvHyVOssTz7VLNsqw="></latexit>

! : M →↑ R

Maxwell’s equations: Geometric optics approximation

<latexit sha1_base64="japgsTJLSvww3Y+zAvEtVxcWtgA="></latexit>

kµ = →µ! = ωµ!

Ansatz with           of the following form:          
<latexit sha1_base64="uiVWoIp9dvuSCgCJj6Q9R1mWyic="></latexit>

ω → 1

Amplitudes Phase
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<latexit sha1_base64="vlAmnkQ5eCqPsjCmx77EykgxymQ="></latexit>

kµk
µaω = 0

Maxwell’s equations: Leading order
<latexit sha1_base64="6SzlUBukE23oT3eImBaNQLQTh1U="></latexit>

O(ω→2) :

To leading order, geometric optics ensures that 
the wave vector is light like.

<latexit sha1_base64="RiQp5exhfLUHubA1TDrg+V3Ds94="></latexit>

kµk
µ = 0

<latexit sha1_base64="No3EYGTG9bRD98RkkifpECks5Qg="></latexit>

k2z(z) =

(
1→ 2(ω + 1)

ε(z)

c2
+O(c→4)

)
k20(z)

<latexit sha1_base64="yOUDu5iQZLae7tKrQWAsCGJYF80="></latexit>

kz(z) = ±

(
1→ (ω + 1)

ε(z)

c2
+O(c→4)

)
k0(z)

Using some more algebra we also find that 
<latexit sha1_base64="MxOF1WDLVuREgRljyx/18LK1clA="></latexit>

k0(z) = k0
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The O(ω→2) condition is, once more, equivalent to kµk
µ = 0. The O(ω→1) equation is given by

2(→ax) · k + ax→ · k =
1
c2

[(
1 → 2(ε + 1)

ϑ

c2

)
(
2k0(ϖ0ax) + (ϖ0k0)ax

)

+ (2ε + 1)(ϖzϑ)kxaz → (ε + 1)(ϖzϑ)kzax

]

=
2ε + 1

c2 (ϖzϑ)kxaz →
ε + 1

c2 (ϖzϑ)kzax. (3.74c)

For the y-direction, the process and results work analogously.
To summarise, we arrive at a set of differential equations

i) (→ax) · k + 1
2

ax→ · k =
2ε + 1

2c2 (ϖzϑ)kxaz →
ε + 1
2c2 (ϖzϑ)kzax + O(ω0, c→4), (3.75a)

ii) (→ay) · k + 1
2

ay→ · k =
2ε + 1

2c2 (ϖzϑ)kyaz →
ε + 1
2c2 (ϖzϑ)kzay + O(ω0, c→4), (3.75b)

iii) (→az) · k +
1
2

az→ · k =
ε

2c2 (ϖzϑ)kzaz + O(ω0, c→4). (3.75c)

We further impose the boundary conditions ai(z = 0) = Ai for i = x, y and az(z = 0) = 0,
indicating that we begin with a transverse wave. We continue by rewriting the ODE for az in

Eq. (3.75c). By using the relation ϖzkz = →(ε + 1)ϖzϑ

c2 k0 + O(c→4), we obtain

ϖzaz +
ϖzkz

2kz
az =

ε

2c2 (ϖzϑ)az + O(c→4) (3.76a)

↑↓ ϖzaz →
ε + 1

2
ϖzϑ

c2 az =
ε

2c2 (ϖzϑ)az + O(c→4) (3.76b)

↑↓ ϖzaz =
2ε + 1

2
g
c2 az + O



ϖ2

zϑ

c2 , c
→4

, (3.76c)

which is solved by

az(z) = Az e
2ε+1

2
gz
c2 =↓ az(z = 0) = 0 =↓ Az = 0 =↓ az(z) ↔ 0. (3.77)

The amplitude in the z-direction therefore identically vanishes, meaning that the EM wave
remains transverse. Substituting this solution into the remaining equations, we obtain (using
the example of the x-direction)
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2kz
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2c2 (ϖzϑ)ax = →

ε + 1
2c2 (ϖzϑ)ax + O(ω0, c→4) (3.78b)
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which is trivially solved by the constant amplitude ax(z) = Ax. In conclusion, at the chosen
level of approximation, there are no general relativistic corrections to the amplitudes of EM
waves.

Combining this with the phase expression from Eq. (3.63), we arrive at an EM vector
potential in the geometric optics approximation, expressed as

(Ai) = A =A e
i
(
k0ct±

(
1→ ε+1

2
gz
c2

)
k0z
)

+ O(Γ c→2), (3.79)

Maxwell’s equations: Sub-Leading order

No corrections to the amplitudes to relevant order. 
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The O(ω→2) condition is, once more, equivalent to kµk
µ = 0. The O(ω→1) equation is given by

2(→ax) · k + ax→ · k =
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c2
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1 → 2(ε + 1)

ϑ

c2

)
(
2k0(ϖ0ax) + (ϖ0k0)ax

)

+ (2ε + 1)(ϖzϑ)kxaz → (ε + 1)(ϖzϑ)kzax

]

=
2ε + 1

c2 (ϖzϑ)kxaz →
ε + 1

c2 (ϖzϑ)kzax. (3.74c)

For the y-direction, the process and results work analogously.
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1
2
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ε
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which is solved by
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c2 =↓ az(z = 0) = 0 =↓ Az = 0 =↓ az(z) ↔ 0. (3.77)

The amplitude in the z-direction therefore identically vanishes, meaning that the EM wave
remains transverse. Substituting this solution into the remaining equations, we obtain (using
the example of the x-direction)

ϖzax +
ϖzkz
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ax = →
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2c2 (ϖzϑ)ax + O(ω0, c→4) (3.78a)

↑↓ ϖzax →
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2c2 (ϖzϑ)ax = →
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2c2 (ϖzϑ)ax + O(ω0, c→4) (3.78b)

↑↓ ϖzax = O(ω0, c→4), (3.78c)

which is trivially solved by the constant amplitude ax(z) = Ax. In conclusion, at the chosen
level of approximation, there are no general relativistic corrections to the amplitudes of EM
waves.

Combining this with the phase expression from Eq. (3.63), we arrive at an EM vector
potential in the geometric optics approximation, expressed as

(Ai) = A =A e
i
(
k0ct±

(
1→ ε+1

2
gz
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)
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)

+ O(Γ c→2), (3.79)
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A =





Ax

Ay

0




with

Next order equations:
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2. Systematic analysis 
of AIF classes
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„Basic“ interferometers
CHAPTER 2. ATOM INTERFEROMETERS IN NEWTONIAN SPACETIME 23

t

z(t)

z0

TR TR

+⊋kR +⊋kR

(a) Mach-Zehnder Interferometer (MZI)

t

z(t)

z0

TR TB TR

+⊋kB+⊋kR +⊋kR

(b) Symmetric Ramsey-Bordé

t

z(t)

z0

TR TB TR

+⊋kB±⊋kR ±⊋kR

(c) Symmetric Double Diffraction

t

z(t)

z0

TR TB TR

+⊋kB+⊋kR →⊋kR

(d) Asymmetric Ramsey-Bordé

Figure 2.1: Schematic pictures of atomic trajectories (green lines) for four different AIF
geometries in the freely falling frame. Interferometry laser (beam splitter/mirror) pulses are
depicted in red dashed with a momentum transfer of ±⊋kR and Bloch oscillations in violet
with a momentum transfer of ⊋kB. The speed of light is set to infinity for this picture. (a)
Mach-Zehnder interferometer (MZI) (b) Symmetric Ramsey-Bordé interferometer (SRBI),
(c) Symmetric Double Diffraction interferometer (SDDI), (d) Antisymmetric Ramsey-Bordé
interferometer (ARBI). For the case of Bragg scattering (a), (b) and (d) can be realised using
single Bragg diffraction, whereas (c) relies on double Bragg diffraction.

Note that 100-metre baselines are also in construction [85, 86]. Therefore, the gravitational
potential at a height Z above the ground can be expressed as

ω(R→ + Z ez) = ω0 + g Z ↑ 1
2
ΓZ2 + O(ε3

rω). (2.1)

Here, ω0 ↓ 60 MJ/kg represents the constant offset of the gravitational potential. This value
corresponds to the energy required for a test object with a mass of 1 kg to escape Earth’s
gravitational field, equivalent to half of the squared escape velocity for the object. The linear
gravitational acceleration is g ↓ 9.81 m/s2, and the gravity gradient Γ ↓ 2.7 ↔ 10↑6 Hz2.
To clarify this quantity: the gravity gradient Γ describes the spatial change of g and can be
defined as Γ ↓ 2.7↔ 10↑7 g

m , or alternatively as Γ ↓ 2.7↔ 103 E. Here, we use the unit Eötvös
(E), defined as 1 E = 10↑9 Hz2.

We choose to expand the gravitational potential ω(r) to second order to enable a com-
parison of our results with those in Refs. [87–89]. This expansion also prepares us for the

<latexit sha1_base64="xsioohugftQL0TmzaVxjlq0D27A="></latexit>

(SRBI)

<latexit sha1_base64="f0UGVNP39nXGLgF4Tbk1HsfpjkE="></latexit>

(ARBI)
<latexit sha1_base64="HWwb5YeIf6R3Ljcw2qbUkK7Z60o="></latexit>

(SDDI)

Bloch 
Oscillations

Bragg 
scattering
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Dimensionless description

<latexit sha1_base64="27m4DCnyZ1N2WYrjn4oNIPO5V6s="></latexit>

→ 10→8
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→ 10→11

Different example:
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!” = gkR#0T
4
R = ωCTR · gTR

c
· ⊋kR
mc

· #0T
2
R
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ωC =
mc2

⊋ = Atomic Compton frequency
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Big dimensionless number
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ωCTR → 1026

Denote this as 
<latexit sha1_base64="b19HJ06weerxjZs01JswfcP59AE="></latexit>

O(2) → 107 rad
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O(3) → 100 rad

Denote this as 

One can write every phase shift in an atom interferometer in this 
form! 

Using this notation we can systematically group phase shifts!

<latexit sha1_base64="mYweBbVMNd7tBpk94+bY4dPX8Rs="></latexit>

!” = gkRT
2
R =

mc2

⊋ TR · gTR

c
· ⊋kR
mc
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Dimensionless parameters (for now)
<latexit sha1_base64="4a1HCgvkcGNzkMVbBt+eu3KgMf4="></latexit>

Parameter Definition

Z0
z0
cTR

V0
v0
c

FR
⊋ωR
mc2

G1,i
gTi

c

G2,i !0T 2
i

Ri
⊋ki
mc
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{
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{

Initial conditions: 10−8

Recoil frequency: 10−20

Gravitational potential: 10−8

Recoil momentum: 10−11−10−9

Smaller than the others
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Python algorithm 

Interval #2 Interval #3 Interval #4Interval #1

Let me show it to you!

Created an open source Python algorithm that symbolically (!) 
calculates the phase shifts using SymPy.
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Python algorithm

20

• GR effects 

• Doppler effect (1st and 2nd order) 

• Elastic scattering processes 
(Bragg, Bloch)

Included: Not included:
• Coriolis & Centrifugal effect 
• Finite speed of light (FSL) 
• Inelastic processes (Single 

photon, Raman) 
• 3D Analysis 
• Numerical Gravity Model

• Added: Finite speed of light (FSL) 

• Added: Inelastic processes 
(Single photon, Raman) 

• Added: Numerical Gravity Model

• Coriolis & Centrifugal effect 

• 3D Analysis

Ve
rs

io
n 

#1
Ve

rs
io

n 
#2
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Reference

If you want to read more 
about this

Python algorithm
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For the rest of today we’ll 
concentrate on spiciness level two: 

22
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3. Measurements of 
gravitational curvature
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34 CHAPTER 2. ATOM INTERFEROMETERS IN NEWTONIAN SPACETIME

Phases in units of ωC

# Order Proportionality SRBI SDDI ARBI ε Origin

1 O(2) G1,RRR TB + TR 2TB + 2TR TB + TR 2 Non-relativistic

2 R2
R 0 0 TR 1

3 RRRB →TR →2TR →TR 1

4 O(3) RRZ0G2,R →TB → TR →2TB → 2TR →TB → TR 2 Gravity gradient

5 RRV0G2,R → 3
2 TB → TR →3TB → 2TR → 3

2 TB → TR 3

6 RRRBG2,R → 1
4 TB → 1

6 TR → 1
2 TB → 1

3 TR → 1
4 TB → 1

6 TR 4

7 RRG1,RG2,R
7
6 TB +

7
12 TR

7
3 TB +

7
6 TR

7
6 TB +

7
12 TR 4

8 R2
RG2,R → 1

2 TB → 1
2 TR 0 → 1

2 TB → 1
3 TR 3

9 RRV0G2,B → 1
2 TR →TR → 1

2 TR 3

10 RRRBG2,B → 1
8 TR → 1

4 TR → 1
8 TR 3

11 RRG1,RG2,B
1
6 TB +

3
4 TR

1
3 TB +

3
2 TR

1
6 TB +

3
4 TR 4

12 FRG
2
1,R → 9

2 TB → 3TR →9TB → 6TR → 9
2 TB → 3TR 3 Doppler effect

13 FRG1,RV0 3TB + 3TR 6TB + 6TR 3TB + 3TR 2

14 FRG1,RG1,B → 3
2 TB →3TB → 3

2 TB 3

15 FRRBG1,R
5
2 TB +

7
2 TR 5TB + 7TR

5
2 TB +

7
2 TR 2

16 FRR
2
B →TR →2TR →TR 1

17 FRRBV0 →2TR →4TR →2TR 1

18 FRR
2
R 0 2TR TR 1

19 FRRRG1,B
1
2 TB 0 → 1

2 TB 2

20 FRRRG1,R 3TB → 5
2 TR 0 →3TB +

9
2 TR 2

21 FRRRRB → 1
2 TB + 2TR 0 1

2 TB → 2TR 1

22 FRRRV0 →TB → TR 0 TB + 5TR 1

23 FRRRZ0 0 0 2TR 1

Table 2.2: List of phases of the SRBI, SDDI, ARBI geometries written in terms of dimen-
sionless parameters of order O(2) (# 1→ # 3) and O(3) (# 4→ # 23), excluding FSL terms.
To extract this phase for one of the AIF geometries, one has to multiply the factor in the
column "proportionality" by the time given in the column of the respective AIF and the
atomic Compton frequency ωC in Eq. (2.7). For example, phase shift # 1 for the SRBI
RRG1,RωC(TR + TB) which translates into gkR(T 2

R + TRTB), see Table 2.1. Written out in
terms of dimensionful quantities, each contribution is a polynomial in TR and TB, i.e., is
proportional to TεR

R TεB
B . The overall exponent ε = εR + εB determines the scaling of each

phase with AIF time.

<latexit sha1_base64="l/sJmtqLOKFpO7exdihxLDqhnk4="></latexit>

(2TB + 2TR) · ωC · G1,RRR = 2gkRTR(TB + TR)

<latexit sha1_base64="ahMyWJah6sEPBPt1YAYCUHLftpw="></latexit> {

<latexit sha1_base64="TXo9EC9b6GWH52TavSVkhdmY3KI="></latexit>

O(2)

<latexit sha1_base64="ahMyWJah6sEPBPt1YAYCUHLftpw="></latexit> {<latexit sha1_base64="7url/logP/k48fiVKZPge0cjEkw="></latexit>

ω = 2

Small

Phase shift results (without FSL)
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Phase shift results (without FSL)

34 CHAPTER 2. ATOM INTERFEROMETERS IN NEWTONIAN SPACETIME

Phases in units of ωC

# Order Proportionality SRBI SDDI ARBI ε Origin

1 O(2) G1,RRR TB + TR 2TB + 2TR TB + TR 2 Non-relativistic

2 R2
R 0 0 TR 1

3 RRRB →TR →2TR →TR 1

4 O(3) RRZ0G2,R →TB → TR →2TB → 2TR →TB → TR 2 Gravity gradient

5 RRV0G2,R → 3
2 TB → TR →3TB → 2TR → 3

2 TB → TR 3

6 RRRBG2,R → 1
4 TB → 1

6 TR → 1
2 TB → 1

3 TR → 1
4 TB → 1

6 TR 4

7 RRG1,RG2,R
7
6 TB +

7
12 TR

7
3 TB +

7
6 TR

7
6 TB +

7
12 TR 4

8 R2
RG2,R → 1

2 TB → 1
2 TR 0 → 1

2 TB → 1
3 TR 3

9 RRV0G2,B → 1
2 TR →TR → 1

2 TR 3

10 RRRBG2,B → 1
8 TR → 1

4 TR → 1
8 TR 3

11 RRG1,RG2,B
1
6 TB +

3
4 TR

1
3 TB +

3
2 TR

1
6 TB +

3
4 TR 4

12 FRG
2
1,R → 9

2 TB → 3TR →9TB → 6TR → 9
2 TB → 3TR 3 Doppler effect

13 FRG1,RV0 3TB + 3TR 6TB + 6TR 3TB + 3TR 2

14 FRG1,RG1,B → 3
2 TB →3TB → 3

2 TB 3

15 FRRBG1,R
5
2 TB +

7
2 TR 5TB + 7TR

5
2 TB +

7
2 TR 2

16 FRR
2
B →TR →2TR →TR 1

17 FRRBV0 →2TR →4TR →2TR 1

18 FRR
2
R 0 2TR TR 1

19 FRRRG1,B
1
2 TB 0 → 1

2 TB 2

20 FRRRG1,R 3TB → 5
2 TR 0 →3TB +

9
2 TR 2

21 FRRRRB → 1
2 TB + 2TR 0 1

2 TB → 2TR 1

22 FRRRV0 →TB → TR 0 TB + 5TR 1

23 FRRRZ0 0 0 2TR 1

Table 2.2: List of phases of the SRBI, SDDI, ARBI geometries written in terms of dimen-
sionless parameters of order O(2) (# 1→ # 3) and O(3) (# 4→ # 23), excluding FSL terms.
To extract this phase for one of the AIF geometries, one has to multiply the factor in the
column "proportionality" by the time given in the column of the respective AIF and the
atomic Compton frequency ωC in Eq. (2.7). For example, phase shift # 1 for the SRBI
RRG1,RωC(TR + TB) which translates into gkR(T 2

R + TRTB), see Table 2.1. Written out in
terms of dimensionful quantities, each contribution is a polynomial in TR and TB, i.e., is
proportional to TεR

R TεB
B . The overall exponent ε = εR + εB determines the scaling of each

phase with AIF time.

Interesting asymmetry
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ωCTR · R2
RG2,R =

⊋k2R!0T 3
R

m

Most phases scale 
with a factor of two 
(spacetime area).  
But this one not!

Can we use this to 
gain information about 
the gravity gradient?
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Co-located Gradiometric Interferometer (CGI)

26

MZI

SDDI

VLBAI figure adapted from Schilling et al. „Gravity field modelling 
for the Hannover 10 m atom interferometer“
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50 CHAPTER 2. ATOM INTERFEROMETERS IN NEWTONIAN SPACETIME

Phase comparison of a MZI and a SDDI in a CGI configuration (no FSL phases)

MZI SDDI Phase Phase Magnitude [rad] Differential signal

2 2 NRkRgT 2
R NRRRG1,R 1.4 → 107 0

↑2 ↑2 NRkRz0ΓT
2
R NRZ0G2,RRR 20 0

↑2 ↑2 NRkRv0ΓT
3
R NRV0G2,RRR 14 0

7
6

7
6 NRkRgΓT 4

R NRG1,RG2,RRR 14 0

↑2 0 N2
R⊋k

2
RΓT

3
R

m N2
RG2,RR2

R 1.5 → 10↑2 ↑2

↑12 ↑12 NRωRg2T 3
R

c2 NRG2
1,RFR 2.3 → 10↑9 0

12 12 NRωRgv0T 2
R

c2 NRFRG1,RV0 2.4 → 10↑9 0

Table 2.6: Comparison of phases in the MZI and SDDI used for a CGI, as depicted in Fig. 2.7,
split into different proportionalities. Pure FSL phases are discarded in this list. The first
two columns describe the prefactor of phase shift contributions given in the third and fourth
column, which is present in each AIF phase output. The magnitude denotes the absolute
value of the expression in the "Phase" columns with assumed numerical values: NR = 1,
ωR = 107 Hz, kR = 4 → 106 m↑1, m = 87 u, TR = 0.6 s, z0 = 5 m, v0 = 6 m/s, g = 9.81 m/s2

and Γ = 2.7 → 103 E. The last column comprises the prefactor of the phase expression in a
differential measurement setup between MZI and SDDI.

2.3.1 FSL Effect and Mitigation Scheme

Up to this point, we have assumed infinitely fast laser beams and perfectly simultaneous
interactions occurring at times t = 0,TR, 2TR for each AIF path. Nevertheless, as previously
mentioned, the FSL phases are influenced by various experimental conditions, including
photon path lengths, mirror positions, and, most importantly, the type of laser interaction
used for beam splitting and reflection. Therefore, we will consider a specific experimental
setup and choose again the setup depicted in Fig. 2.2. In the case of two-photon Bragg
transitions, this phase shift evaluates to

∆ΦFSL = 4N2
RR2

R

(
4G1,R ↑V0 ↑ RR

)
+ ∆Φ0

=
4⊋N2

Rk2
RTR

mc

(
4gTR ↑ v0 ↑

NR⊋kR
m

)
+ ∆Φ0, (2.56)

along with an additional time-independent component

∆Φ0 = 2N2
RR2

R
(
2ZL ↑Z0 ↑ZU

)
= 2N2

RR2
R
(ZL ↑H ↑Z0

)

=
2⊋N2

Rk2
R

mc
(
2zL ↑ z0 ↑ zU

)
(2.57)

and some other phase shift contributions of similar magnitude to those previously neglected.
The time-independent part is not inherently problematic, as it remains constant across each
AIF and can be used to precisely calculate the desired quantities from the output phase shift,
provided its magnitude is known. The TR dependence of the first part can pose challenges,
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CGI phase comparison
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Differential phase shift is proportional to the gravity gradient
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Phase shift is small (a few mrad). 

What about FSL?  
Does this give us a problem?
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Finite speed of light (FSL)

Example: Two photon Bragg transitions 
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with a constant shift

30

„Upper laser“„Lower laser“
(Or: Mirror position,…)

Finite speed of light mitigation
Example: Two photon Bragg transitions 

Can we mitigate this?
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Alter the last AIF pulse by:

This frequency chirp (~100 MHz) nullifies the FSL phase!

Finite speed of light mitigation
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Looks interesting so far, but the gravitational field is 
very idealised…

32
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Example: VLBAI Hannover

Complex gravitational fields
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Phase Gravitational 

Curvature
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CGI: Numerical simulation in VLBAI
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Intuitively clear: the atoms „average“ 

gravity along their trajectory. 

But how exactly?
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Where are the atoms „on average“?

Answer: It depends on the averaging process!

Averaging gravity



 Stanford Seminar — Michael Werner — 31.01.2025

<latexit sha1_base64="lH1Y6pWI2JddVxc6mu7WtvFR/PM="></latexit>

!̂(z0) =
”#(z0 → ↑z(t)↑3)

f

Step 1: Convert phase to grav. curvature using the scale 
factor.
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Estimator for grav. curvature
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Reminder: 

We can now define a novel estimator           for the grav. curvature: 
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<latexit sha1_base64="yEax+ciS35GeoFmkyDNTWXZL8Dg="></latexit>

!̂(z0) =
”#(z0)

f

Motivation for the cubic mean.
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„Unshifted estimator“

Roughly one order of 
magnitude improvement in 

the estimation!

(Root mean square error)
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Reference
Those findings have been 
published on the ArXiv

And the Python algorithm in the 
LUH Data Repository 
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Outlook / Summary

40
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Outlook / Summary

• Included first order GR effects into the description.

Want to include even more effects: Clock interferometry, Mitigation schemes, 
Coriolis effect, …(Partially done in the transition from the #1 to #2 algorithm)

• We introduced a novel AIF geometry — the „CGI“ — that 
gives information about gravitational curvature.

• We presented an open source Python algorithm to quickly 
calculate phase shifts in (pretty much) arbitrary geometries.

Search for interesting geometries that might single out GR-related phases (for 
next Gen  AIFs, i.e. ~100m baseline)

Possibly useful in civil engineering and geodesy? 
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Thank you for listening! 
Any questions?

42

Hammerer group Gaaloul group (T-SQUAD)

And also thanks to those people

Other Co-Authors: Ali Lezeik, Philip Schwartz, Domenico Giulini, Dennis Schlippert, and 
Ernst M. Rasel
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1

Curvature paper:

Curv. algorithm:

1

PPN paper:

1

PPN algorithm:

1

Quick links:

We looked @  
this code
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Backup Slides

44
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Maxwell’s equations: Geometric Coulomb gauge

82 CHAPTER 3. ATOM INTERFEROMETERS IN CURVED SPACETIMES

We then colour-code the terms that appear in the gauge condition specified in Eq. (3.47) in
order to derive
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Note that the only non-zero Christoffel symbol Γϖ00 is Γz
00 (as referenced in Eq. (3.42)).

Using this, we proceed to calculate the last remaining non-trivial term in Eq. (3.48) that
requires the application of the Leibniz rule, namely
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Inserting the explicit formulas for the metric tensor components from Eq. (3.21), we see that
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If we denote the flat Laplace operator by ∆flat = ς
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corrections to the flat wave equation to be
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In this context, considering relativistic corrections, one typically extends the flat wave
equation, which involves the flat Laplace operator, by incorporating terms that arise due to

We can define a flat Laplace operator via 

And obtain the wave equations
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We then colour-code the terms that appear in the gauge condition specified in Eq. (3.47) in
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Note that the only non-zero Christoffel symbol Γϖ00 is Γz
00 (as referenced in Eq. (3.42)).
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In this context, considering relativistic corrections, one typically extends the flat wave
equation, which involves the flat Laplace operator, by incorporating terms that arise due to

Christoffel symbols  
(need to be calculated)
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curvature or relativistic effects as described by the metric. Written out explicitly for the four
values of ω, this yields

∆flatA0 = (ε + 1)
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Before solving these gravitationally modified wave equations, we examine whether the BCG,
which is a common gauge condition in quantum optics, results in a set of simpler differential
equations.

Comparison to background Coulomb gauge: The BCG condition reads ϑiAi = 0 and
differs from the GCG in Maxwell’s equations Eq. (3.48) by the term
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This contribution is non-zero, leading to an additional term in the wave equations. Since the
term in Eq. (3.51) does not cancel out any other contributions in Eq. (3.50) for ω ↑ {0, . . . , 3},
it results in even more complex wave equations. The LG, turns out to be equivalent to the
GCG, as we will demonstrate after solving the wave equations. To achieve this, we introduce
the following plane wave approximation scheme.

Maxwell’s equations: Geometric Coulomb gauge
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kµ = →µ! = ωµ!

Maxwell’s equations: Leading order

Since we know

one obtains a gravitationally altered phase of

Additional height dependence of the phase!
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Phase shift results
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Phases in units of ωC

# Order Proportionality SRBI SDDI ARBI ε Origin

44 O(3) G0G1,RRR 2(ϑ → 1)(TB + TR) 4(ϑ → 1)(TB + TR) 2(ϑ → 1)(TB + TR) 2 Post-Newtonian

45 O(4) RRG1,RV0RB → 13ϖ+20
2 TB →

20ϖ+41
2 TR →(13ϖ + 20)TB → (20ϖ + 41)TR → 13ϖ+20

2 TB →
20ϖ+41

2 TR 2 Post-Newtonian

46 RRG1,RV
2
0 → 10ϖ+11

2 TB →
8ϖ+11

2 TR →(10ϖ + 11)TB → (8ϖ + 11)TR → 10ϖ+11
2 TB →

8ϖ+11
2 TR 2

47 RRG
2
1,RV0

8ϑ+48ϖ+51
2 TB +

4ϑ+30ϖ+38
2 TR (8ϑ + 48ϖ + 51)TB + (4ϑ + 30ϖ + 38)TR

8ϑ+48ϖ+51
2 TB +

4ϑ+30ϖ+38
2 TR 3

48 RRG
2
1,RRB

12ϑ+165ϖ+264
12 TB +

112ϖ+242
12 TR

12ϑ+165ϖ+264
6 TB +

112ϖ+242
6 TR

12ϑ+165ϖ+264
12 TB +

112ϖ+242
12 TR 3

49 RRG
3
1,R → 36ϑ+220ϖ+278

12 TB →
4ϑ+93ϖ+151

12 TR → 36ϑ+220ϖ+278
6 TB →

4ϑ+93ϖ+151
6 TR → 36ϑ+220ϖ+278

12 TB →
4ϑ+93ϖ+151

12 TR 4

50 RRG1,RR
2
B → 8ϖ+17

4 TB →
10ϖ+35

4 TR → 8ϖ+17
2 TB →

10ϖ+35
2 TR → 8ϖ+17

4 TB →
10ϖ+35

4 TR 2

51 RRG1,RG
2
1,B

ϑ→43ϖ→52
24 TB

ϑ→43ϖ→52
12 TB

ϑ→43ϖ→52
24 TB 4

52 RRG
2
1,RG1,B → 6ϑ+44ϖ+51

4 TB → 6ϑ+44ϖ+51
2 TB → 6ϑ+44ϖ+51

4 TB 4

53 RRG1,RG1,BV0
ϑ+13ϖ+13

2 TB (ϑ + 13ϖ + 13)TB
ϑ+13ϖ+13

2 TB 3

54 RRG1,RG1,BRB
8ϖ+11

2 TB (8ϖ + 11)TB
8ϖ+11

2 TB 3

55 RRG0G1,RG2,R
57ϑ→57

3 TB +
25ϑ→25

3 TR 2 57ϑ→57
3 TB + 2 25ϑ→25

3 TR
57ϑ→57

3 TB +
25ϑ→25

3 TR 4

...
...

...
...

...
...

56 G3,RRRV
2
0

T 3
B+12T 2

BTR+8T 2
R(3TB+TR)

8T 2
R

T 3
B+12T 2

BTR+8T 2
R(3TB+TR)

4T 2
R

T 3
B+12T 2

BTR+8T 2
R(3TB+TR)

8T 2
R

4 3rd order grav. potential

57 G3,RR
2
RV0

T 2
B+4T 2

R(2TB+TR)
4TR

0 T 2
B+4T 2

R(2TB+TR)
4TR

4

...
...

...
...

...
...

Table 3.3: Post-Newtonian list of phases of the SRBI, SDDI, ARBI geometries. The list starts with term number # 44 and should be seen as a continuation of
the previous tables. There was no selection method at place to specifically show theses phase contributions, compared to all other terms of order O(4).

We can now extend the previous list of phase shifts:
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Backup: Coriolis & Centrifugal effectsCHAPTER 2. ATOM INTERFEROMETERS IN NEWTONIAN SPACETIME 43

(a) (b)

ωLab

R→

z↑
x↑

y↑
Σ↑

x
y

z

Σ

ω→

Transition to Lab frame

z

y

kb

ka

West East

Figure 2.6: (a) Illustration of a reference frame, Σ (blue), which is fixed to Earth’s surface,
thus rotating with the planet, alongside a stationary reference frame, Σ→ (red), which does not
rotate relative to the distant stars. Relative to each other, the origins of these two reference
frames trace a circle of latitude ωLab (purple). (b) A two-dimensional cross-section of a
vertical AIF within the Earth-fixed reference frame Σ. Laser pulses, depicted by the red
shaded region, are associated with light fields ka, kb and are aligned with the z-axis. The
Earth’s rotation causes the initially vertical atomic trajectories (black dashed arrow) to deviate
due to fictitious forces (grey arrows), resulting in a curved path that may lead the atoms out
of the laser beam. The effect is exaggerated for illustrative purposes.

the third and final fictitious force in classical physics. When rewriting the Lagrangian from
Eq. (2.39) in spherical coordinates {r, ω,ε}, it transforms to

L(r, ṙ) =
m
2

ṙ2 +
m
2

r2ε̇2 sin2(ω) + mϑ↑r2 ↓ mϖ(r) (2.40)

and gives rise to the ELE

r̈ = ↓rω̇2 ↓ r ε̇2 sin2(ω) ↓ ϱrϖ(r) (2.41a)

ω̈ = ↓2
ṙ
r
ω̇ ↓ ε̇2 sin(ω) cos(ω) ↓ ϱωϖ(r) (2.41b)

ε̈ = ↓2
ṙ
r
ε̇ ↓ 2ω̇ε̇ cot(ω) ↓ ϱεϖ(r), (2.41c)

which are now three coupled ODEs. A complete analytical solution of these equations is
typically unnecessary because the primary motion of the atomic ensemble remains predom-
inantly vertical (i.e., along the radial trajectory). Any deviations are generally minor and
are corrected or compensated for. However, the Coriolis and centrifugal forces introduce
perturbative corrections to this motion. These corrections are more effectively described
using a local Cartesian coordinate system {x, y, z}, which rotates with an effective frequency
ϑeff = ϑ↑ sin

(
ωLab
)
, specific to the latitude of the experiment, ωLab. The action functional,

still, depends solely on the initial conditions of the atomic trajectory, such that the propagation
phase evaluates to

⊋∆ΦProp(rb, tb; ra, ta) = Sz(zb, tb; za, ta) + Sxy(xb, yb, tb; xa, ya, ta), (2.42)

<latexit sha1_base64="9/N7G0i9HQphP2YOV6ckBDtkLpc="></latexit>
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Centrifugal
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Backup: Coriolis & Centrifugal effects
<latexit sha1_base64="kYGKU1QFy2TDyselzLI6zYJb938="></latexit>

L(r, ṙ) =
m

2
ṙ2 +

m

2
r2ω̇2 sin2(ε) +mϑ→r

2 →mϖ(r)

Lagrangian is quadratic in its arguments.

Analytical solution can be found!
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Sxy (xb, yb, tb;xa, ya, ta) =
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2 (tb → ta)

[
(xb → xa)

2 + (yb → ya)
2
]
+mωe! (xayb → xbya)
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ωe! = ω→ sin(εLab)
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⊋!”Prop (rb, tb; ra, ta) = Sz (zb, tb; za, ta) + Sxy (xb, yb, tb;xa, ya, ta)

Discussed before New transversal motion
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Backup: Relativistic Atom-Light Interaction

<latexit sha1_base64="2+W1olllLX7xTvzPf2UZIvN4CW0="></latexit>

ĤA-L = →d̂ ·E(Ẑ) +
1
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z
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]
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Electric/Magnetic fields
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Bi(t) = ikiez ↑Ai(t)

Amplitudes

Röntgen termElectric dipole

The electromagnetic fields are given by their classical solutions:

Consider the next order correction to the electric dipole operator:
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Backup: Relativistic Atom-Light Interaction
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First, we transform into the interaction picture w.r.t. the internal 
Hamiltonian
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Backup: Stationary Spacetime
100 CHAPTER 3. ATOM INTERFEROMETERS IN CURVED SPACETIMES

Stationary Case

Based on Ref. [146][Box 13.1], we express the rotating PPN metric of interest using a
(3, 1)-decomposition as

gµω =




→1 → 2ε(r)
c2 → 2ϑε(r)2

c4 + O(c→6) →4+4ϖ+ϱ1

2c3 V(r)T + O(c→5)

→ 4+4ϖ+ϱ1

2c3 V(r) + O(c→5)
(
1 → 2ϖε(r)

c2

)
3 + O(c→4)



, (3.109)

including an additional PPN parameter ϱ1, which vanishes in GR. The novel rotational PPN
vector-potential V(r) can be constructed from the gravitational mass density ς(r) by

V(r) = G
∫

d3r↑
ς(r↑) v(r↑)∣∣∣r → r↑

∣∣∣
with v(r, t) =

dr
dt
. (3.110)

For nearly spherical bodies, the PPN vector potential V(r) can be determined as (see
Ref. [147][Eq. (9.4)])

V(r) =
GM↓

r
vCOM →

G r → J↓
2r3 + O(r→3), (3.111)

where vCOM its COM motion, which we’ll neglect for the case of the Earth as the gravitating
body. We therefore obtain off-diagonal metric components

g0 j(r) = →4 + 4ϖ + ϱ1

2c3 Vj(r) + O(c→5)

=
4 + 4ϖ + ϱ1

4r3c3 G
(
r → J↓

)
j
+ O(r→3, c→5). (3.112)

Calculating the Lagrangian LRot(r, ṙ) from the metric tensor, in a manner similar to
Eq. (1.8), one derives the non-rotating PPN Lagrangian L(r, ṙ) as seen in Eq. (1.32). This
result includes contributions from the two fictitious forces, detailed in Sec. 2.2.4, and
additional terms related to the so-called Lense-Thirring effect, leading to

LRot(r, ṙ) = L(r, ṙ) + m ṙ · (ω↓ → r) +
m
2

(ω↓ → r)2

→ 4 + 4ϖ + ϱ1
4

mG
r3c2 (r → ṙ) · J↓ + O(c→4). (3.113)

The Lense-Thirring effect, also known as frame dragging, is a relativistic phenomenon
predicted by GR. It occurs when a massive rotating object, like a planet or a star, drags the
spacetime around it as it rotates. This effect results in the precession of the orbit of nearby
particles and gyroscopes. The ELE in their vector form, d

dt↑ṙL
Rot(r, ṙ) → ↑rL

Rot(r, ṙ) = 0,
can be calculated to be

r̈ = →↑ε(r) → 3
2c2 r2 r̈ +

2ϖ + 1
c2 ε(r)r̈ → 2ϑ → 1

c2 ε(r)↑ε(r)

+
4 + 4ϖ + ϱ1

4
G

r3c2 ṙ →
[
J↓ → 3

J↓ · r
r2 r

]
+ O(c→4). (3.114)

Substituting the solution for r̈ back into itself on the right-hand side yields

r̈ = →↑ε(r) + (2ϖ + 1)
ṙ2↑ε(r)

c2 → 2(ϑ + ϖ)
ε(r)↑ε(r)

c2

+
4 + 4ϖ + ϱ1

4
G

r3c2 ṙ →
[
J↓ → 3

J↓ · r
r2 r

]
+ O(c→4). (3.115)

<latexit sha1_base64="YifayzPjlJu/ZVyYn/0qdxDy0r4="></latexit>

L
Rot(r, ṙ) = L(r, ṙ) +mṙ · (ω→ → r) +

m

2
(ω→ → r)2 ↑ 4 + 4ω + ε1

4

mG

r3c2
(r → ṙ) · J→ +O

(
c
↑4

)

Spacetime metric of a rotating mass

From this we can calculate the motional Lagrangian

Coriolis Centrifugal Frame-Dragging
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t

z

0 TR

∣∣∣→NR
〉

|0↑

∣∣∣NR
〉

∣∣∣2NR
〉

Figure 2.8: A schematic representation of the experimental implementation of the first beam
splitter pulse (shown in purple), which is based on an initial MZI. It uses the output ports
of this initial system as the inputs for the desired interferometer. Traditional beam splitter
pulses are depicted in red.

similar to that described in Eq. (2.36a). Applying the same frequency shift to the mirror
pulse in both interferometers will not alter the differential phase shift. As long as both the
MZI and SDDI experience the same pulse detuning at the mirror, the measurement setup
will continue to function correctly.

Experimental Realisation

An experimental implementation of the first beam splitter of the CGI, as illustrated in Fig. 2.7,
could involve preparing an atomic cloud that contains a mixture of two different hyperfine
states. This strategy would enable the individual addressing of both atomic subsystems
in the MZI and SDDI geometries. Nevertheless, it may also introduce a risk of unwanted
effects due to fluctuations in the (then needed) magnetic field. Another approach could be to
perform a short Mach-Zehnder sequence just before the first beam splitter and use its output
ports as Doppler-selective inputs for the new interferometer geometry. This configuration
would allow one to perform the operations

|0→ ↑↓↔ 1
↗

2

(
|0→ +

∣∣∣↓NR
〉)
,
∣∣∣NR
〉 ↑↓↔ 1

↗
2

(∣∣∣NR
〉
+
∣∣∣2NR
〉)

(2.47)

within a composite pulse setup, as illustrated in Fig. 2.8. The first setup offers the advantage
of ideal "co-location" control [91], as the atoms in each AIF exhibit very narrow uncertainties
in their initial conditions due to being initialised in a common trap. On the other hand, the
latter setup benefits from excellent coherence between the two input states.

Given that Bragg scattering is inherently a multi-port process, composite pulses can be
utilised to produce an effective four-way beam splitter as required in this context. Such
generalised beam splitters are developed in the laboratory by applying analytical methods [56]
as outlined in Ref. [110], or by employing optimal quantum control techniques [111, 112].

Mini Mach-
Zehnder 

Interferometer



 Stanford Seminar — Michael Werner — 31.01.2025 55

Backup: Doppler effect
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z

t
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z̃

t

Atomic rest frame

→↑

ωb

ωa

vintzint

ω̃b

ω̃a

Figure 2.3: Schematic picture of how the Doppler effect is perceived by an atomic trajectory
(green line) for two counter propagating light fields (red, orange). Left: Depicted in the lab
frame, where the laser sources rest and the atoms move non-trivially. Right: Atomic rest
frame, which is co-accelerated with the atoms are each time instance.

picture with respect to the motional Hamiltonian given in Eq. (1.36), the frequencies of the
light fields become first-order Doppler shifted by

ω̃a =
(
1 → vint

c

)
ωa + O

(
ε̇2int

)
, ω̃b =

(
1 +

vint
c

)
ωb + O

(
ε̇2int

)
. (2.20)

This means that, to transfer the momentum ⊋kR, one must shift the frequency of each light
field in opposite directions to compensate for the Doppler shift, i.e., one tunes each light
field, prior to the interaction with a frequency chirp according to

ωa ↑→↓
(
1 +

vint
c

)
ωa + O

(
ε̇2int

)
, ωb ↑→↓

(
1 → vint

c

)
ωb + O

(
ε̇2int

)
. (2.21)

Note that the imparted momentum is often altered by additional frequency chirps, e.g. for
the case of gravity gradient mitigation schemes [92, 94], as we elaborate further in Sec. 2.2.3.

Even though the Doppler detuning in Eq. (2.21) ensures that the atomic trajectories
align with the descriptions provided earlier, it is crucial to account for changes in the
imprinted laser phase. This consideration is necessary because the Doppler effect modifies
the frequency and, consequently, the phase evolution of the light interacting with the atoms.
The imprinted phase, originally described by Eq. (2.19), will additionally experience a
Doppler shift, resulting in an adjusted expression given by

ΦL(t) = ±
(((

1 + ε̇int

)
ka + (1 → ε̇int)kb

)
z(t) →

(
(1 + ε̇int)ωa →

(
1 → ε̇int

)
ωb

)
t
)
+ O
(
ε̇2int

)

= ±
((

ka + kb + ε̇int
(
ka → kb

))
z(t) →

(
ωa → ωb + ε̇int

(
ωa + ωb

))
t
)
+ O
(
ε̇2int

)

= ±
((

kR + ε̇int
ωR
c

)
z(t) → (ωR + vintkR

)
t
)
+ O
(
ε̇2int

)
. (2.22)

The recoil frequency ωR appears in this formula due to the Doppler effect affecting each
light field with opposite signs. Since this is the only part of the theoretical model, at least
for two-photon Bragg transitions, where this occurs, one can infer from the phase shift’s
dependence on ωR, or more precisely FR from Table 2.1, that this term originates from the
first-order Doppler effect.
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—> Measuring g is not a problem!

Backup: Gradient mitigation 
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Backup: Geopotential model
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where Re and Rp represent the equatorial and polar radii of the Earth, respectively. For all
calculations, we select the Earth’s radius at the laboratory to be R→, while keeping in mind
that this value implicitly depends on the latitude. In the second step, a multipole expansion
of the gravitational potential is performed, expressed in the following form

l Jl n m Cm
n S m

n

2 1.75 ↑ 1010 km5/s2 2 1 5638 km5/s2 ↓26518 km5/s2

3 ↓2.62 ↑ 1011 km6/s2 2 ↓2.55 ↑ 107 km5/s2 1.46 ↑ 107 km5/s2

4 ↓1.07 ↑ 1015 km7/s2 3 1 ↓2.27 ↑ 1011 km6/s2 ↓2.77 ↑ 1010 km6/s2

5 ↓9.58 ↑ 1017 km8/s2 2 ↓3.20 ↑ 1010 km6/s2 2.19 ↑ 1010 km6/s2

6 1.45 ↑ 1022 km8/s2 3 ↓1.04 ↑ 1010 km6/s2 ↓2.05 ↑ 1010 km6/s2

Table 2.8: Table of the first zonal and tesseral coefficients according to the JGM-3 model.

ω(r, ε,ϑ) = ↓
GM→

r
+

↔∑

l=2

Zl(r, ε) +
↔∑

n=2

n∑

m=1

Tn,m(r, ε,ϑ) (2.62a)

with

Zl(r, ε) =
JlP

0
l (sin(ε))

rl+1 , (2.62b)

Tn,m(r, ε,ϑ) = Pm
n (sin(ε))

Cm
n cos(mϑ) + S m

n sin(mϑ)

rn+1 , . (2.62c)

Here Zl are "zonal" and Tn,m are "tesseral" corrections. The Jl,C
m
n , S

m
n are constants, with the

most significant ones listed in Table 2.8. The Pm
n (x) are the associated Legendre polynomials.

To maintain axial symmetry, the tesseral terms would need to be disregarded, meaning one
would set Cm

n = S m
n = 0 ↗ l,m. In this model, the Newtonian gravitational potential would

take the form

ω(r, ε,ϑ) = ↓
GM→

r
+

J2

2r3

(
3 sin2(ε) ↓ 1

)
+

J3 sin(ε)

2r4

(
5 sin2(ε) ↓ 3

)

+
J4

8r5

(
35 sin4(ε) ↓ 30 sin2(ε) + 3

)
+ O(Cm

n , S
m
n , J5
)
. (2.63)

Explicit values for the correction constants can be found, for example, in the Joint Earth
Gravity Model (JGM), such as the JGM-3 catalogue (see Ref. [117]). Because water and
other liquids are continually moving on Earth, the matter distribution is inherently a dynamic
quantity. A graphical representation of the anomaly in local gravitational acceleration, as
described by the JGM-3 model, can be seen in Fig. 2.11. This figure uses colour codes to
represent deviations from the mean gravitational acceleration. Figure 2.12 illustrates the
significant effect of the zonal coefficients compared to the dominant (constant) contribution
of the gravitational potential on Earth’s surface. The zonal coefficient Z2 has the largest
impact, being roughly three orders of magnitude greater than Zn for n ↘ 3. The effects
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We can perform a multipole expansion of the gravitational 
potential of the form:

With „zonal“ and „tesseral“ contributions:

A list of the J’s, C’s and S’s can be found in geodata catalogs.
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of the tesseral contributions are of the same order of magnitude as the higher-order zonal
coefficients, as demonstrated in Figure 2.13. This is shown at Earth’s surface and a fixed
latitude of ω = ε/4, which corresponds approximately to the regions of North America,
Southern Europe, or Central Asia.

0 ω
4

ω
2

3ω
4

ω

10→18

10→16

10→14
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Latitude ε

GM↑
R↑c2∣∣∣Z2(R↑, ε)
∣∣∣/c2

∣∣∣Z3(R↑, ε)
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r = R↑

Figure 2.12: Comparison of the (dimensionless) magnitudes of several components of the
effective gravitational potential as functions of latitude ω from 0 (north pole) to ε (south
pole): i) constant gravitational potential of a sphere (black) and ii) zonal correction terms
from Eq. (2.62b) for different l → 2 (coloured).

In earthbound experiments, this analysis is not crucial for local setups because the local
value of g remains constant across the transverse dimensions. The movement in the local
x and y directions is too small to detect any inhomogeneities at this scale. However, for
such locally confined experiments, the analysis in the next section becomes important as it
incorporates local inhomogeneities in the radial direction. For space borne AIF experiments,
the scenario differs. Zonal and tesseral corrections decrease with higher orders of r, reducing
their impact on AIF experiments conducted in Earth’s orbit. This topic is further explored in
the outlook of Chapter 3, particularly in Sec. 3.8.

2.4.2 Local Gravitational Variations: VLBAI Hannover

State-of-the-art AIF are being developed with increasingly longer baselines [85,86,118,119]
and more efficient Large Momentum Transfer (LMT) techniques [60, 120, 121] all over the
world. These advancements are pushing the potential wave packet separation beyond the
region where the assumption of an idealised local gravitational field as in Eq. (2.1) remains
valid. The transition to non-trivial fields presents not only a challenge for large baseline
interferometers but also an opportunity for experiments utilising gravitational test masses.
By deliberately introducing non-trivial gravitational fields, researchers can measure phases
along the atomic trajectory to probe this non-linearity. This approach has been exploited in
studies such as [108,122], leading to the proposed gravitational Aharonov-Bohm effect [103].
Measuring anomalies in the gravitational gradient is also employed to detect inhomogeneities
in the gravitational field [123] and is becoming increasingly important for applications in
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Figure 2.13: Comparison of the (dimensionless) magnitudes of several components of the
effective gravitational potential as functions of colatitude ω for fixed ε = ϑ/4: i) constant
gravitational potential of a sphere (black) and ii) summed tesseral correction terms Tn =∑n

m=1 Tn,m from Eq. (2.62c) (coloured).

civil engineering and quantum metrology. Resolving a spatially varying gravity gradient with
high accuracy using a gradiometric AIF setup involves comparing g-measurements in close
proximity. This process is prone to increasing errors due to the relative uncertainty in the
positions of the atomic ensembles compared to the separation between the two constituent
AIFs.

At the VLBAI facility in Hannover, a high-precision measurement campaign was con-
ducted to understand the gravitational background and its fluctuations along the 10 metre
baseline of the interferometer [83, 109], particularly within its Region of Interest (ROI). As
shown in Fig. 2.14, the gravitational gradient’s non-linearity varies with height, ranging
around 10→7 s→2, or equivalently 10→6g/m. This variation appears to correlate with the large
masses of concrete and steel in the ground and first floors. Given that the newly proposed
CGI was shown to be especially sensitive to gravitational curvature – terms beyond linear
acceleration – we will use this interferometer geometry to analyse the VLBAI in Hannover
in greater detail. We simulate the CGI scheme for the VLBAI facility in Hannover, using
its precisely known gravitational field from Refs. [83, 109], as depicted in Fig. 2.14. The
measured values of g have been interpolated with a polynomial of degree 10, which results
in a gravitational potential represented by a polynomial of degree 11 after integration. The
measurement data was collected before the magnetic shielding of the VLBAI was in place.
Since the shielding is a spherically symmetric and homogeneous mass, significant deviations
from the presented model would only be expected at the top and bottom of the shielding.

Throughout this analysis, we will assume one-dimensional movement of the AIF atoms
along the z-axis of a local coordinate system originating at a fixed height of the experiment,
while disregarding Earth’s rotation. By expanding the gravitational potential, ϖ(z), in the

Zonal contributions

Tesseral contributions
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Backup: Relativistic Atom-Light Interaction
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Backup: Gravitational Redshift
How does this relate to the gravitational redshift? 
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Backup: Raman diffraction
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Backup: Single Photon Transition
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Backup: AIFs for GW detection

From Abdalla et al. „Terrestrial Very-Long-Baseline Atom Interferometry: Summary of the Second Workshop“
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Backup: Full set of dimensionless parameters78 CHAPTER 3. ATOM INTERFEROMETERS IN CURVED SPACETIMES

Parameter Definition Magnitude for 10 m baseline AIF

i = R (Bragg) i = B (Bloch)

Z0
z0

cTR
0

V0
v0
c 4.3 → 10↑8

FR
⊋ωR

mc2 8.1 → 10↑20

G0
ε0

c2 7 → 10↑10

ZL
zL

cTR
2.6 → 10↑9

ZU
zU

cTR
2.8 → 10↑8

H zU↑zL
cTR

3.1 → 10↑8

G1,i
gTi
c 4.2 → 10↑8 1.3 → 10↑8

G2,i ΓT 2
i 5.2 → 10↑6 4.9 → 10↑7

G3,i ΛcT 3
i 4.8 → 10↑4 1.4 → 10↑5

Ri
⊋ki
mc 3.9 → 10↑11 1.2 → 10↑9

Table 3.1: Complete list of dimensionless parameters for an AIF, including FSL and rela-
tivistic effects.

where we deliberately did not expand the gravitational potential to keep the following
formulas short. As before, we need to determine the classical trajectories of the upper
and lower arms of the AIF, which are derived from the ELE associated with Eq. (3.32).
Conducting the analysis in a dimensionless form, as done previously, introduces two new
dimensionless parameters: ε0/c

2 and ΛcT 3
i for i = R, B. These new parameters can be

combined with the ones previously defined in Table 2.1 and the ones corresponding to
FSL contribution from Table 2.3 and are summarised in Table 3.1. First, we calculate the
derivatives of the Lagrangian as

ϑL
ϑz
= ↑mϑzε(z) ↑ m

c2 ϑzε(z)
[
(2ϖ ↑ 1)ε(z) +

2ϱ + 1
2

ż2 + 2(ϖ ↑ 1)ε0

]
+ O(c↑4) (3.33a)
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m
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[
3
2

ż2z̈ ↑ (2ϱ + 1)ż2ϑzε(z) ↑ (2ϱ + 1)ε(z)z̈
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+ O(c↑4), (3.33c)

where we have used that ε̇(z)ż = ż2ϑzε(z), which holds because d
dtε(z(t)) = ϑεϑz

dz
dt . The ELE

Constant potential offset

Third order grav. potential

Finite speed of light
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-Estimator:g

Scale factor =  
Known to high accuracy

Backup: Gradiometry #1: Measure g
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Backup: Gradiometry #2: Compare ’sg

67z=0m

groundfloor

gravimetry

groundwater

backbone

z=4.89m

z=10.09m

z=3.35m

mean
max

min

basement

region of interest

z

z=-0.59m

<latexit sha1_base64="Z4UrMDd+bQsVJKBBMdvv7epspg4="></latexit>

!h

<latexit sha1_base64="Z4UrMDd+bQsVJKBBMdvv7epspg4="></latexit>

!h

<latexit sha1_base64="f0p35Vn3z7A64a0zt/cwRTJc9ow="></latexit>

!z

<latexit sha1_base64="3Ir5SVzLFDkza+JIoDLwrmEUj3w="></latexit>

!̂0 =
”g

”z
Estimator for gravity gradient:

Usual procedure for gradiometry:
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Let us model both in more complicated gravitational fields!
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Backup: Separation Phase
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Figure 2.1: Schematic pictures of atomic trajectories (green lines) for four different AIF
geometries in the freely falling frame. Interferometry laser (beam splitter/mirror) pulses are
depicted in red dashed with a momentum transfer of ±⊋kR and Bloch oscillations in violet
with a momentum transfer of ⊋kB. The speed of light is set to infinity for this picture. (a)
Mach-Zehnder interferometer (MZI) (b) Symmetric Ramsey-Bordé interferometer (SRBI),
(c) Symmetric Double Diffraction interferometer (SDDI), (d) Antisymmetric Ramsey-Bordé
interferometer (ARBI). For the case of Bragg scattering (a), (b) and (d) can be realised using
single Bragg diffraction, whereas (c) relies on double Bragg diffraction.

Note that 100-metre baselines are also in construction [85, 86]. Therefore, the gravitational
potential at a height Z above the ground can be expressed as

ω(R→ + Z ez) = ω0 + g Z ↑ 1
2
ΓZ2 + O(ε3

rω). (2.1)

Here, ω0 ↓ 60 MJ/kg represents the constant offset of the gravitational potential. This value
corresponds to the energy required for a test object with a mass of 1 kg to escape Earth’s
gravitational field, equivalent to half of the squared escape velocity for the object. The linear
gravitational acceleration is g ↓ 9.81 m/s2, and the gravity gradient Γ ↓ 2.7 ↔ 10↑6 Hz2.
To clarify this quantity: the gravity gradient Γ describes the spatial change of g and can be
defined as Γ ↓ 2.7↔ 10↑7 g

m , or alternatively as Γ ↓ 2.7↔ 103 E. Here, we use the unit Eötvös
(E), defined as 1 E = 10↑9 Hz2.

We choose to expand the gravitational potential ω(r) to second order to enable a com-
parison of our results with those in Refs. [87–89]. This expansion also prepares us for the

It was shown in REF how one can calculate the phase shift for 
AIF, which not closes perfectly.
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(żup + żlow)
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Backup: Python algorithm 
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Figure 2.1: Schematic pictures of atomic trajectories (green lines) for four different AIF
geometries in the freely falling frame. Interferometry laser (beam splitter/mirror) pulses are
depicted in red dashed with a momentum transfer of ±⊋kR and Bloch oscillations in violet
with a momentum transfer of ⊋kB. The speed of light is set to infinity for this picture. (a)
Mach-Zehnder interferometer (MZI) (b) Symmetric Ramsey-Bordé interferometer (SRBI),
(c) Symmetric Double Diffraction interferometer (SDDI), (d) Antisymmetric Ramsey-Bordé
interferometer (ARBI). For the case of Bragg scattering (a), (b) and (d) can be realised using
single Bragg diffraction, whereas (c) relies on double Bragg diffraction.

Note that 100-metre baselines are also in construction [85, 86]. Therefore, the gravitational
potential at a height Z above the ground can be expressed as

ω(R→ + Z ez) = ω0 + g Z ↑ 1
2
ΓZ2 + O(ε3

rω). (2.1)

Here, ω0 ↓ 60 MJ/kg represents the constant offset of the gravitational potential. This value
corresponds to the energy required for a test object with a mass of 1 kg to escape Earth’s
gravitational field, equivalent to half of the squared escape velocity for the object. The linear
gravitational acceleration is g ↓ 9.81 m/s2, and the gravity gradient Γ ↓ 2.7 ↔ 10↑6 Hz2.
To clarify this quantity: the gravity gradient Γ describes the spatial change of g and can be
defined as Γ ↓ 2.7↔ 10↑7 g

m , or alternatively as Γ ↓ 2.7↔ 103 E. Here, we use the unit Eötvös
(E), defined as 1 E = 10↑9 Hz2.

We choose to expand the gravitational potential ω(r) to second order to enable a com-
parison of our results with those in Refs. [87–89]. This expansion also prepares us for the

Time step #1Time step #0 Time step #2 Time step #3

We implemented an open source algorithm to calculate the 
phase shifts of each interferometer very quickly.

The above initialization is the only thing that has to be done „by 
hand“. Everything else is automated.
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Backup: Dimensionless description
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We can use those parameters to rewrite everything dimensionless:
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Using this notation we continue the whole analysis.
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Python algorithm 
We implemented an open source algorithm to calculate the 
phase shifts of each AIF very quickly.

The phase shift calculation can quickly become lengthy and 
prone to errors.

Global: Set a „truncation order“, e.g. 4. (only analyze terms up to order 4)

Calculate interaction times

Iterate over each time step:

Calculate interaction heights
Calculate partial results

Throw away results exceeding the truncation order!

The algorithm truncates dimensionless parameters exceeding a 
certain number of small parameters. Making the calculation fast 
and efficient!


