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1. Motivation
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How It started...

Theory colleagues working on general relativity (GR) developed this:

Post-Newtonian Hamiltonian description of
an atom in a weak gravitational field

PHILIP K. SCHWARTZ!*® and DOMENICO GIULINI} 2P

! Institute for Theoretical Physics, Leibniz University Hannover,
Appelstrafle 2, 30167 Hannover, Germany
2 Center of Applied Space Technology and Microgravity, University of Bremen,
Am Fallturm 1, 28359 Bremen, Germany
“philip.schwartz@itp.uni-hannover.de
bgiulini@itp.uni-hannover.de

We wanted to apply this novel GR-Hamiltonian to atom interferometers (AlFs)!

See Schwartz und Giulini, Post-Newtonian Hamiltonian description of an atom (2019)
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How It started...

Minkowski space \

’\ ¢ = Gravitational potential
-1 0 Newtonian spaoetime\\

Juv = Nuy —
ool -1-2% 0
Juv =

0 1

(Parametrized) Post-Newtonian (PPN) spacetime \\\

1 — 2552 Qﬁqcb_j 0 PPN parameters
Ipv = NnGR: B=~v=1
0 (1-27%)1
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How It started...

P2 [ 1 2 e1eo \ ) 1 2 e1eo \ |
He final = 57 |1 (p“: 12) +M+—(p"= 12) $(R)

2M | Mc? \2u  Awepr c? \2u  Admegr Center of mass
PY 2y +1 M¢(R)? (COM)
s T ane s PRIP 26D
ook @ elastic scattering processes (first)
: : Internal dynamics
—> Populate the excited state only virtually.
1
HAL,ﬁnal =—d- Eé_oord.(R) | N {P . [d X Bcoord. (R)] + HC}
mip —ma .
~-[d x Beoora. (R)] + H.c. Atom-Light-
4mymy tPr 143 4 (R) % Interaction
1 2 1 3 ﬁ 12
+ @(d X Bcoord.(R)) | 260 /d X (1 + (’7 + 1) (32) Pd (X, t) ?

Treat light tields classical
: : Light tield
—> Maxwell's equations

AION Seminar — Michael Werner



COM Hamiltonian: Propagation Phase

We follow a semiclassical approach with

2 1 [m2:* 28-1 2v + 1
L(z, %) = Fmc?H m; mao(z)H — _mSZ 62 m>¢(z)” W; mae(z)z”
| GHER WA
The phase of an atom then evolves freely as Bound.
t conditions
1 [ .
ALy = / At L(zass(t). 20 p (D) A= (ta,7a)
ta
where the atomic trajectory solves the Euler-Lagrange equation 2a-5(1)
d oL JOL 0
dt 0z 0z B — (ty. %)
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| ight Hamiltonian: Maxwell's equations

We analyse Maxwell's equations In vacuum:

Fo' =VPF,5 =V (V,Ag—Vs4,) =0

Three difterent choices for gauges:

V,BA _Aa,B_A,B —O, L gaugd

VlAl — Al’l — O, Geometric Coulomb gauge

alAl. — Ai’l — O Background Coulomb gauge
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Maxwell's equations: Geometric Coulo :‘ -

Writing them out and using the gauge condition:
0 — Fvu;u _ A,u;ﬂ;v _ AV;M;/J

= ¢"0,0,A,-8,0'A, — ¢'T7 (0,A, +0,A,) - gT,,

= ¢"9,0,A, - 8,0°Ag—0,0' A, - g"'T7 ,0,A, + 0,8 T7

— (0,87 Ay — &0, T7 1)Ar — 8T 1,0,A, + &

= ¢(0,0,4, —T7 0,4, — (6,17, )A, —T71,0,A, +T7

—0,(0"Ag — §M'T7 A, ) = (8,8 )17 Ay, (A,

= 800(3(2)Av ~ 00054, = (0,1 00)Ay =T ,00A 5 + 17,0

B (9v((9OAo B 8OOF000A0) B (8ngO)F(’OOAU B (ﬁvgij)rg

+87(0,0,A, -T7;,0,A, - (0,17,))A, —~T7 ,0iA, +T

17 j Y 1jo oty Jvoit o

-
0,0
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Maxwell's equations: Geometric optics approximation

Ansatz with € < 1 of the following form:

1P /e

= (a, +€eb, + € ¢, + O(e ))e<

Amplitudes / Phase

Ay, byt M — C d:- M —R

Q

k, =V,® =0,
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Maxwell's equations: | eading order

Using some more algebra we also find that kq(z) = ko
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Maxwell's equations: Sub-lL.eading order

Next order equations: O(e 1)

1 2v+1  — +1 - _
(Va,) -k + EaxV k= 262 (0.9)k,a, y2c2 (0.9)k.a, + O(EO, C 4),
1 2v+1 _ — y+1 _— _
(Va,) - k+-a,V k= ~ (0.9)k,a. — (0,)k.a, + O, ™),
1 _
(Va,) - k + EaZV -k = %(@@kﬂz + O(EO, C_4).

No corrections to the amplitudes to relevant order. A

1 v+1 gz

(A) = A = A oloer=(1-5 5 Jag +OT ™) with A= |4

()

0
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2. Systematic analysis

of AlF classes
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Interferometer geometries of interest

z(2) +hik +Tik z(2) +hk,  +hkg  +hky
A A

Oscillations

e e - eem mm mm omm mm o

Bragg ]C
> { > [ .
— Tg ~—— Ty ~— - Tg <> Ty <> Tp scattering R
(a) Mach-Zehnder Interferometer (MZI) (b) Symmetric Ramsey-Bordé (SRBI)
20 xhk,  +hk,  +hikg 200 thky,  +hky  —Tikg
A : : : : A : : .
s s
: 20 - o
| | | t. : l.
|—>TR<—|—>TB<—|—>TR<—|> |—>TR<—|—>TB<—|—>TR<—|>
(¢) Symmetric Double Diffraction (SDDI) (d) Asymmetric Ramsey-Bordé (ARBI)
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SO0 many small parameters. ..
o1 /¢ WR/C

wrl'/c

2/c I'/c C
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Dimensionless description

S
AD = gkpT? = . .
grrip Denote this as
<
a0

O(2) ~ 10" rad

One can write every phase shift in an atom interferometer in this
form!

Using this notation we can systematically group phase shifts!

Different example: A® = gkrl'vTx

Denote this as

O(3) ~ 10" rad
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Dimensionless parameters (for now)

Parameter Definition
20
ZO CTR
Vo
Vo ;
hw
‘FR mcg
gl
gl 1 c
2
gZ 1 PTi
Ri hk;
mc
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Smaller than the others

—» Initial conditions: 1078

— Recoil frequency: 1

0—20

— Gravitational potential: 107°

— Recoll momentum:

10-11—-107°



Python algorithm

Created an open source Python algorithm that symbolically (!)
calculates the phase shifts using SymPy.

ity et me show it to you!

time _dec

bragg_quanta_upper_path

bloch_quanta_upper_path

bragg_quanta_Llower_path

bloch_quanta_Llower_path . interval #1 f Interval #2 [ Interval #3 § Interval #4
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For the rest of today we'll
concentrate on spiciness level two:

L Q N
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3. Measurements of
gravitational curvature
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Phase shift results (without FSL

m
# | Order Wty SRBI SDDI Aﬁ; « | Origin
1 %2) gl RRR TB + TR 2TB + 2TR {‘ T \ Non—relatiViSti
’ )1 AL 1g 580 : g —
5 (1L B AJ_tht/) CUC 1,R R — QQkRTR TB _|_ TR
2 Re 0 0 Te
yZavi ) O —

4 0@3) RrZ0G2R —Tp—Tg —2Tp — 2Tg —Tp—Tg 2 Gravity gradient \
5 RrVoGar —3Tp —Tg 3Tz -2Tx | -3T5-Tx 3
6 RrReGa R —1Tp—+Tr | —3Ts— 3Tk | —3T5 - £ 4
7 RrG1RG2R ITp+ 5Tx | 3T+ 1Ty 1T+ 5Ty 4
8 RRGar 1Ty -1Tp | O Arp-ir, | 3
9 RrVoG2B - % Ty —Tg - % Ty 3
10 RrReGo B —2Tg —1Tg —2Tg 3
11 RrG1 RG> B tTy+ 2T 1T+ 3Ty tTg+ 2Ty 4

—%TB -3Tyr | -9T - 6T —%TB -3Tx 3 Doppler effect

3T + 3T 6T + 6T 3T + 3T 2

~3Ty 3T, ~3Ty 3

~The —2Tg ~The 1

—2Tg —4T, —2Tg 1

0 2T Te 1

3Tp — 3Tk 0 —3Tg + 3Ty 2

—3Tp+2Tg | O 1Ty — 2T 1

~Tp - Tp 0 Ty + 5T 1

0 0 2T 1
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Phase shitt results (without FSL)

Proportionality %
G rRr 2
R2 1 Interesting asymmetry
R Ry 1 woTn  REGs ﬁk%ioT}Bz
Rr<0G2 R 2
ReVoGo 3 Most phases scale
Re R Gk 4 with a tfactor of two
ReGrnGrn ] (spacetime area).
. ) But this one not!
R Vo2 > | Can we use this to
ReRpGo 3| gain information about
ReG1 1 G + | the gravity gradient”
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Co-located Gradiometric Interferometer (CG|

0)

0 T 2T ¢

VLBAI figure adapted from Schilling et al. ,Gravity field modelling for the Hannover 10 m atom interferometer”
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CGl phase comparison

Differential phase shift is proportional to the gravity gradient

2+1.2 3
AD = —2N°Gy g Ri = —zN iRl ol _ T
’ m

Phase comparison of a MZI and a SDDI in a CGI configuration (no FSL phases)
MZI | SDDI Phase Phase Magnitude [rad] | Differential signal

2 2 NkpgT NRrG: & 1.4 x 10’ 0

2 | =2 | NkgzoliTz | NZyGrrRy 20 0

-2 | -2 NkgvolilTa | NVyGrrRe 14 0

: ¢ NkpglTz | NG 1.RG2rRR 14 0

2| 0 N el N2G, xRk 1.5 %107 )
—12 | -12 N‘“fzng; NG Fr 23%107° 0

12 | 12 il “’iﬁ"OT’% NFRG1r Vo 2.4% 107 0
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| ooks interesting so far, but the
gravitational field is highly
idealised...
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Complex gravitational fields
¢<n> e®g

Consider ¢(z) = ¢g + gz + Z

with a non-trivial I'(z) = 83¢(Z) = Gravitational curvature

& region of interest (ROI)

lannover

600 605 610 615 —2.9 -28 -27 -26

i é 9(2) — gref [pm/s”] ['(z) [10° E]
basement
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CGIl: Numerical simulation in VL.BA

—1.675 A

—1.700 A

—1.725 A

—1.750 -

—1.775 A

—1.800 A

—1.825 A

—1.850 -

—1.875 -

—5.8 1

—5.9 1

—6.0 -

—6.1 -

—6.2

—6.3

—14.0 A

<
av
<
£l
o
2
o
<

—14.2 A

—14.4 -

—14.6

—14.8 A

—15.0 A

- —2.60

Gravitational
Curvature

- —2.85

- —2.90
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Averaging gravity

Where are the atoms ,,on average””

Answer: |t depends on the averaging process!

2], = (Q}R / z<t>zO“)

n | 2 3 4 5
z(D)l],, | 0.66Ah | 0.73Ah | 0.77Ah | 0.79 Ah | 0.82 Ah

AION Seminar — Michael Werner
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Estimator for grav. curvature

We can now define a novel estimator f(z()) for the grav. curvature:

Step 1: Convert phase to grav. curvature using the scale factor.

['(20) = ACDJEZO)

Step 2: Shift the height via the cubic mean of the trajectory.

AP (20 — |[2(1)]]5)
f

Reminder:
2N hkRTR _

f=—
m

f(ZO) —
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—1.70-
—1.75-
—1.80-

AP [mrad|

—1.85-

AP [mrad|

—14.0-

—14.4-

AP [mrad|

—14.8-
| Th = 0.6s, Ah~1.75m

0 1 2 3 4 5 6 7 8
2o |m)]
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Relative Error AT'/(T') [%)
0.1 1

Ah

0.16m 3.0m

|
o
-

- ,Unshifted estimator” %

A

- Qur estimator T°

Average Phase (A®) [mrad]

Roughly one order of

|
—

magnitude improvement in
the estimation!

10 100

A

AT [E] (Root mean square error)
AION Seminar — Michael Werner




One more thing...




4. Noise
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Iteration

Finite speed of light

/// =0
h, -, I'— T+AT

Goal: Find interaction times ¢, 1,y @accurate
to 107 1%s.

|.e. the interaction height to ~ 0.3 nm.

Mirror surface
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Finite speed of light

Mirror displacement Phase noise
Noise 0z(t)
5200 \ 00 = w10t = 2w -
w Interaction time
.\ noise
0z(t
0t = 2 (1)
C
v, 5t77
5Z(t)1

Mirror surface
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1. Seismic Acceleration 2. Laser Phase Noise 3. Gravity Noise

Noise or Signal

aSeismic(f) [m/SQ/\/E]

1. Discretize 0. Create noise 6. Phase sampling

Choose frequencies
linearly in the
respective intervals

Sample uniformly &;, ®,, &, € [0, 27) Sample the phase A® of

Z Aseismic (/i) . sin(2n fit + @) an interferometer with N,
Vi) atoms with given spreads

) £. P N L sin(27 £t 1 P in the initial conditions
f; € [1Hz, 107 Hy] . \/ Ths®psplfs) - sin2nfst+ %)

AP(0z(t),oP(t),0q(t), op(t
fr. € [10_2 Hz, 102 Hz] Za(}ra\nty fr) - \/27Tfk sin(27 fit + ) (02(%) (1), 99(%) (*))
e Calculate and save the

for i.j. k t) = —Rg0g(t) average phase.

f; € [107% Hz, 10° Hz]

Repeat Ng times
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Result: Phase shiit statistics
Sample Distribution of Phases with Ns = 17

800 -

700 -

600 -

500 -

400 -

Counts

300 -

200 -

100 -

—8000 —6000 —4000 —2000 0
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Result: Phase shift statistics

Number of Counts

AION Seminar — Michael Werner



Where shall | operate my interterometer?
How high shall | shoot the atoms”?

ff -

region of interest (ROI)

e
N

— N W B Ot O I
. °r °r °r . 1

croundfloor

600 605 610 615 —2.9 -28 —27 —926
g(2) — gref [pm/s* ['(z)[10° E]

)\ basement
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Stability Analysis: CGl

Heat Map of CGI Data (Ns = 6, N, = 400)

oA [mrad]
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Stability Analysis: M/Z|

Heat Map of MZI Data (Ns = 6, N, = 400)

- 2750

- 2500

2250

2000

Ah [m]

1750

oae mrad]

1500

1250

1000
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o. Ihe ghost In the
machine
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Ihe ghost in the machine

Code Machine Result

—1.65 -

L —2.55
1704 L —2.60
v-g - —2.65 E
' —1.75 4 m
ﬁ i i _270 S
L\'C: L 575 o
S -1.80- TN
<
< - —2.80
(]j i ~1.85 - —2.85
T NCA @)
O N C | | | | | | | . __F-2.90
o .0 e 0 1 2 3 4 5 6 7 8
R e Initial height zg [m]
5 2
e LN
n o
E €D)
D E ~1.65 -
E qV) -, - —2.55
3P B
. | L —2.60
@p) 1.70 "
-c'é \ - —2.65 E
-1.75 - aa —
: \\ ! = _2.70 H
N =278 O
ﬁ o —1.80 - 5
5 N &
: - —2.80
~1.85 - \ - —2.85
L —2.90
0 1 2 3 4 5 6 7 8

Initial height zg [m]
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Ihe ghost in the machine

 Double precision was not enough in my code —> Changes in g(z) in VLBAI are too
small for this.

* Python solution: Use LongDouble. Because this is equivalent to Quartic precision, innit”

 NoO, it's not. The LongDouble class tells the CPU to use the highest accuracy it supports
natively.

Intel CPU Apple Silicon CPU

80 bit machine 64 bit machine

These 16 bit actually made the difference...
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Ihe ghost in the machine

Solution: We use the Python library “Decimal”.
Idea: Numbers are stored as a string with any desired precision.

Problem: We leave "GPU territory”.

Parallelization now: CPU based using Python library “Dask”.

Future Parallelization: Natively compute quartic precision NVIDIA
Blackwell architecture. Quite expensive though...
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Curvature paper:

Thank you for listening!
Any questions?

And also thanks to those people:

Gaaloul group (T-SQUAD)

We looked @ this Code\j
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